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INTRODUCTION 
In 1968 Willett and Wong [6] established the following theorem and presented 
the accompanying corollaries, each of which states sufficient conditions for all 
solutions of the equation 
(p(t) .‘)’ t q(t)f(x) = 0 [kg] (1) 
to approach zero as t tends to infinity. The objective of this paper is to present 
a generalization of their theorem. Throughout the paper p and 4 represent 
positive, continuously differentiable functions on [O, co) and f represents a 
continuous function on (- 00, CD) such that 
xfG4 > 0 whenever x # 0. 
THEOREM 1 (Willett and Wong [6, pp. 15-201). Assume that (pp)’ 2 0, 
(I) vxf(x) 2 F(x) for all x, where v  is a constant. 
I f  there exists a positive, absolutely continuous function b such that 
(II) J-y (l/b) = ~0, 
(III) $, (p/b); (pq)-‘l” = o(J-; (l/b)) as t 4 co, and 
(IV lim inL (h)’ (t>/(pqXtN b(t) > f-2 
* Some of the results in this paper are included in the author’s doctoral dissertation [4]. 
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where 2W): = i(pP)’ I f W)‘, th en each solution x of (1) can be extended 
as a solution to [0, co) and satisfies 
vz E(t) = 0, (2) * 
where E(t) = (p(t) x2(t)/q(t)) + F(x(t)) is a Lyapunoc-type function. 
COROLLARP 1. If lim inf,,, ((pq)’ (t)/(pq)(t)) t > 0, then eoery solution of (1) 
satisfies (2). 
COROLLARY 2. If (pq)’ 3 0 is absolutely continuous and not identically zero 
and if ( pq)” > 0, then every solution of (1) satisfies (2). 
COROLLARY 3. If (pq)’ > 0 is absolutely continuous and (pq)” < 0 and if 
(pq)(t) -+ CC as t 3 co, then mery solution of (1) satisfies (2). 
1. EXTENSION OF THEOREM 1 
THEOREM 2. Assume that all the hypotheses of Theorem 1 are satisfied, except 
possibly for condition (I). Furthermore, suppose that e is a locally integrable function 
on [0, CO) such that 
(VI J,” (Pq)F I e I < 00. 
Then, each solution x of 
(P(t) 4’ + q(t) f (4 = 44 (3) 
can be extended as a solution to [0, CO) and satis$es (2). 
Before proving Theorem 2 some remarks relevant to the omission of condi- 
tion (I) are appropriate. To begin with, there is a set of functions which are 
nonmonotone in a neighborhood of zero and which satisfy all the relevant 
hypotheses of Theorem 1 except for condition (I). Therefore, the applicability 
of the theorem is unnecessarily limited. Furthermore, this condition is imposed 
elsewhere, for example, Burton and Grimmer [l]. As is the case with Theorem 1, 
the condition is also superfluous to Burton and Grimmer’s result. A detailed 
analysis of their work is included in another paper, Scott [Sj. 
The following observation provides some insight into the means of eliminating 
condition (I) from the assumptions. Let I = [a, b] be a compact subinterval 
of (0, co). It follows from the continuity off and F that there is a constant 
Y = v(I) such that 
F(x) -c ~f(x>, whenever x E I. 
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Let x be a solution of (3) and E an arbitrary positive number. Now, choosing a 
so that F(y) < E whenever 1 y ) < a, and b so that j x(t)1 < b for all t 3 0, 
it follows from the preceding observation that there is a constant v such that 
~W)) - 4t>fMtN < Et for all t > 0. (4) 
It seems likely that this relationship can be used to eliminate condition (I) 
from any list of hypotheses which assure that solutions tend to zero. 
Proof of Theorem 2. The continuability of solutions of equation (3) to the 
interval [0, co) follows from some recent work of Muldowney [3]. 
Let x be an arbitrary solution and let E(t) be as defined in Theorem 1. The 
existence of 
E(c0) = hi E(t) 
is also a consequence of Muldowney’s work. The proof is completed by showing 
that E(W) = 0. 
Let E be an arbitrary positive number. Letting v be as in (4), E(t) can be 
bounded in the following manner: 
E(t) = (1 + v> q-‘(t) p(t) X’V) - vq-‘(W(t) x(t) x’(t))’ + ww 
- 4t)fMt)) + vq-l(t) e(t) X(t) 
-=c (1 + V) q-l(t)p(t) X’Tt) - vq-l(W(t) 4) x’(t))’ + 6 + vq-l(t) 44 x(t). 
If w(t) = E(t) j; (l/b), th en this bound on E(t) leads to the estimate 
w’(t) < -v 04) 4) W)’ 2pl’Z(t) / x’(t)1 +&+-- 
t 1 
u ) 
I 441 
b(t) q(t) P(t) 0 7 (PqY 0) 
+v I e(t>l I 4t)l l P(t) X”(t) 
40) b(t) w q(t) 
[(I + IJ) - +@-# b(t) j-o’+1 . 
The conditions (II) and (IV) assure that the last term of this inequality is 
nonpositive if t is sufficiently large, say t > T. Let IM be a bound for E(t) + 1 
and assume that T is also chosen large enough to assure that 
s 
m lel 
r (PW < & 
Integrating the inequality (5) provides the estimate 
w(t) < [w(T) - ” -(w (Pw ~~+vJ&$Jxx~] +q+ 
(61 
i2M(Sol$)S:(pq)-11ziel +vMJ:$!, fort> T. ” 
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Utilizing exactly the same arguments employed by Willett and Wong, the 
bracketed quantity in the right member of this inequality can be shown to be 
o($, (l/b)) as t + CD. Assuming, for the moment, that the last term is also 
o(s”, (l/b)) as t - 00, it follows from (6) that 
E(a) = hi w(t)/f (l/b) < 2E. 
0 
Consequently, since E was arbitrary, E(o0) = 0. 
To complete the proof of Theorem 2 it remains to show that 
s t PC! = 0 (Jot +-) 0 qb 
as t+ca. 
It follows from the identity 
s,’ Q-4X (P/q>-“” = Wb)+ (N1’2 1: +; jot (p/b)+ && 3 
where (p/b)* (t) = J-i (p/b): , and condition (III) that 
(p/b)+ (pq)-1’2 (t) = o (Iot $) as t --t co. 
Consequently, the relationship in (7) follows from the observations that the left 
member of (7) is dominated by 
I m -!!I-!- max [(p/b) (pq)-1/2 (T)]. 0 (pqy2 o<+<t 
The proof is complete. 
The paper is concluded with the following remark. 
It was pointed out by Hatvani [2]l that the corollaries given by Willett and 
Wong are incorrect. However, for the special case p(t) = 1, Theorem 2 can be 
used to show that the hypotheses of each of the corollaries together with 
condition (V) assure that all solutions of 
x” + 4wm = 49 
tend to zero as t approaches infinity. 
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